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1 Introduction
What is quantum? As researchers of quantum physics, we are constantly bombarded
with attributes like “non-classical” and “super-classical”. We strive to track down the
elusive quantum-classical boundary, to understand what makes quantum mechanics so
powerful yet counter-intuitive. But to do this, we must first have a firm understanding of
the classical world and the laws that classical mechanics imposes.
There are in fact many ways to think about classicality. One facet of the classical
world is that any system is always in a fixed and predetermined state. Take for example
a bit: it can be either 0 or 1. How does this compare with what is predicted from the
rulebook of quantum mechanics? Here we can have systems existing in a superposition
of both 0 and 1, called quantum bits or qubits. This form of non-classicality is what is
known as quantum coherence [1].
It is also interesting to consider systems of spatially separated parties and the corre-
lations between them. We can try to identify the states that are describable by classical
mechanics and the states that are not. You are probably now thinking that this sounds
a lot like entanglement [2], and that the classically correlated states are just separable
states. However, things are not so simple: it turns out that even separable mixed states
can exhibit some quantumness in their correlations!
In this manuscript we will explore these manifestations of quantum correlations be-
yond entanglement [3, 4, 5]. We begin by introducing and motivating the classically
correlated states and then showing how to quantify the quantum correlations using an
entropic approach, arriving at a well known measure called the quantum discord [6, 7].
Quantum correlations and discord are then operationally linked with the task of local
broadcasting [8]. We conclude by providing some alternative perspectives on quantum
correlations and how to measure them.
Finally, before proceeding it is important to note that there are many layers of quan-
tumness in composite systems. As well as entanglement and discord-type quantum
correlations, one can identify e.g. steering and Bell non-locality. For pure composite
states, all of these signatures of quantumness become equivalent, yet for mixed states
they are different, showing a strict hierarchy. Each form of quantumness is of inde-
pendent interest, but here we focus on the most general form of quantum correlations,
leaving the interested reader to consult Ref. [2] for more information on entanglement
and Refs. [9, 10] for steering and non-locality.
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2 Quantumness versus classicality (of correlations)
Generally, quantumness can represent any of the counter-intuitive phenomena that we
encounter when investigating microscopic systems such as atoms, electrons, photons,
and many others. In particular, the quantumness of correlations manifests itself when
two such microscopic systems interact with each other, and stands as one of the weird-
est of all quantum features. In order to really appreciate any sort of quantumness, we
first need to thoroughly understand how the classical world works, i.e., we first need to
agree on what exactly “intuitive” means, and only afterwards benchmark quantummness
against such a standard. This is the purpose of this section.
Let us set the stage for our comparison of the classical and the quantum. From a
minimalistic point of view, both classical and quantum systems can be described by re-
sorting to the following four ingredients: the set of states, the set of observables, a real
number associated with any pairing of a state and observable, which is the predicted
result of a measurement of the given observable when the system is in the given state,
and a family of mappings describing the dynamics of the system. However, in the fol-
lowing we will focus only on the first three ingredients; we will also specialize to discrete
variable systems for the sake of simplicity.
The state of a discrete variable classical system, whose phase space M is formed by
d points that we label by {i}di=1, can be described by a probability distribution p = {pi }di=1
defined on M, i.e., any set of d numbers that are non-negative, pi ≥ 0, and normalized,∑d
i=1 pi = 1. An observable of such a system is instead any real function f = {fi }di=1 on
M, i.e., f ∗i = fi , while what we actually observe by measuring the observable f when the
system is in the state p is the corresponding expectation value, i.e., 〈f〉p = p · f = ∑di=1 pi fi .
We say that a classical system is in a pure state when we have the best possible
knowledge about it, i.e., we know with certainty what point of the phase space is occupied
by the system. In fact, pure states of classical systems are nothing but Kronecker deltas
{δik }di=1, with k being the point in the phase space occupied by the system, i.e., δik = 1
if i = k while δik = 0 if i , k . Moreover, when a classical system is in a pure state
{δik }di=1 we can predict with certainty that the result of the measurement of an arbitrary
observable f is the value fk , where k is the point of the phase space occupied by the
system. Interestingly, every state of a classical system that is not pure can be obtained
in a unique way as a convex combination of pure states and it is thus called a mixed
state.
Our ignorance about the state p of a classical system can be quantified by resorting
to its Shannon entropy,
S(p) = −
d∑
i=1
pi log pi , (1)
which is indeed zero for pure states and reaches its maximum for the so-called maximally
mixed state, which is such that pi = 1/d for any i and thus entails that we have the
least possible knowledge about which one of the points of the phase space is actually
occupied by the system, being them all equally probable.
When considering two discrete variable classical subsystems A and B, with phase
spaces given by MA = {i}dAi=1 and MB = {j}dBj=1, respectively, it happens that the phase
space MAB corresponding to the composite system AB is the Cartesian product of the
ones corresponding to the two subsystems, i.e., MAB = MA × MB, whose points are
given by the dAdB ordered pairs {(i , j)}dA,dBi ,j=1 . The state of a bipartite classical system can
be thus described by a joint probability distribution pAB = {pABij }
dA,dB
i ,j=1
defined on MAB,
while the states of the subsystems A and B can be characterized by the corresponding
marginal probability distributions, i.e., pA = {pAi =
∑dB
j=1 p
AB
ij }
dA
i=1
and pB = {pBj =
∑dA
i=1 p
AB
ij }
dB
j=1
,
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respectively.
In particular, pure states of bipartite classical systems are given by products of Kro-
necker deltas, {δikδjl }dA,dBi ,j=1 , where (k , l) is the point of the phase space occupied with
certainty by the bipartite system, i.e., δikδjl = 1 if (i , j) = (k , l) while δikδjl = 0 if (i , j) , (k , l).
Again, every state of a bipartite classical state that is not pure can be written in a unique
way as a convex combination of pure bipartite states, i.e., as a classical mixture of prod-
ucts of Kronecker deltas. Furthermore, quite interestingly, when a bipartite classical sys-
tem is in a pure state, then also the subsystems are necessarily in a pure state, indeed
one can easily see that the marginal distributions of {δikδjl }dA,dBi ,j=1 are {δik }dAi=1 and {δjk }dBj=1.
In other words, within the classical world, if we have the best possible knowledge of the
state of a composite system, then we necessarily have the best possible knowledge of
the states of both its subsystems.
On the other hand, the state of a discrete variable quantum system, whose Hilbert
space H has a finite dimension d , can be described by a density operator ρ acting on
H, i.e., any linear operator on H that is positive semi-definite, ρ ≥ 0, and normalized,
Tr(ρ) = 1. An observable of such a system is instead any Hermitian operator O on H,
i.e., O† = O, while what we actually observe by measuring the observable O when the
system is in the state ρ is the corresponding expectation value, i.e., 〈O〉ρ = Tr(ρO).
Again, we say that a quantum system is in a pure state when we have the best possi-
ble knowledge about it, i.e., we know with certainty what normalized vector of the Hilbert
space is occupied by the system. Pure states of quantum systems are thus described
by projectors |ψ〉〈ψ| onto normalized vectors |ψ〉 of H. Moreover, when a quantum sys-
tem is in a pure state |ψ〉, we can predict with certainty the result of the measurement
of any observable O having |ψ〉 between its eigenvectors, without perturbing the state of
the system whatsoever. However, contrary to what happens in the classical world, this
is no longer the case when we measure any other kind of observable, whose eigenvec-
tors are different from |ψ〉. More precisely, if we measure a generic observable O with
eigenvectors {Πi } when the quantum system is in the state ρ, it happens that the state of
the system can collapse onto any of the eigenstates Πi of O with probability pi = Tr(ρΠi ).
This is not due to our ignorance about the state of the system, but rather to an intrinsic
indeterminism manifested by nature at the microscopic level, a fact which stands as one
of the most striking features of quantumness. This phenomenon is mathematically taken
into account by the fact that in the quantum setting we have that states and observables
are no longer commuting real functions but rather possibly non-commuting Hermitian
operators.
Yet there is another striking quantum feature that manifests itself in single quantum
systems, as we have already alluded to: the celebrated quantum superposition, or co-
herence. It arises from the fact that in the quantum setting we are not only allowed to
consider classical mixtures of pure states, i.e., ρ =
∑
i pi |ψi 〉〈ψi |, also called simply mixed
states, but rather we can also construct coherent superpositions of pure states that give
rise to other pure states, i.e., |ψ〉 = ∑i ci |ψi 〉. However, particular mention has to be given
to superpositions and mixtures of elements of an orthonormal basis {|i〉}di=1 of H. Indeed,
one can easily appreciate that, due to the perfect distinguishability of orthogonal states,
any quantum state of the form
∑d
i=1 pi |i〉〈i | can be simulated by the classical state {pi }di=1.
Therefore, such states represent a stereotype of classicality within the quantum world
and are called incoherent states.
Our classical ignorance about the state ρ of a quantum system can be quantified by
resorting to its von Neumann entropy,
S(ρ) = −Tr(ρ log ρ), (2)
which is indeed zero for pure states and reaches its maximum for the maximally mixed
state, I/d , with I being the identity on H.
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When considering two discrete variable quantum systems A and B, with Hilbert
spaces given by HA and HB, respectively, it happens that the Hilbert space HAB cor-
responding to the composite system AB is the tensor product of the ones corresponding
to the two subsystems, i.e., HAB = HA ⊗ HB, which is a (dAdB)-dimensional Hilbert
space whose vectors are spanned by the orthonormal product basis {|iA〉 ⊗ |jB〉}dA,dBi ,j=1 , with
{|iA〉}dAi=1 and {|jB〉}dBi=1 being orthonormal bases of HA and HB, respectively. The state of
a bipartite quantum system can be thus described by a density operator ρAB acting on
HAB, while the states of the subsystems A and B can be characterized by the corre-
sponding marginal density operators, i.e., ρA = TrB(ρAB) and ρB = TrA(ρAB), respectively,
where TrX is the partial trace over the Hilbert space of subsystem X .
In particular, pure states of bipartite quantum systems are given by projectors onto
normalized vectors of HAB. Here comes one of the most amazing features of quantum
mechanics, which is attributed to quantum correlations. Due to both the superposition
principle and the tensorial structure of the Hilbert space of the composite system, it
happens that a pure bipartite quantum state is not necessarily factorizable in the tensor
product of two pure states of the subsystems, i.e., |ψAB〉 cannot be written in general in
the form |φA〉 ⊗ |ϕB〉, with |φA〉 ∈ HA and |ϕB〉 ∈ HB. An immediate consequence of the
non-factorizability of a pure bipartite state |ψAB〉 is the fact that the corresponding sub-
systems’ states are necessarily non-pure. In other words, within the quantum world, the
best possible knowledge of the state of a composite system does not imply the best pos-
sible knowledge of the states of the two subsystems. This is in stark contrast with what
happens in the classical world and, as Schrödinger said, stands as “not one but rather
the characteristic trait of quantum mechanics, the one that enforces its entire departure
from classical line of thought” [11]. This phenomenon was baptized entanglement by
Schrödinger, but it is nowadays more broadly known as quantum correlations for pure
states. Overall, for pure bipartite quantum states |ψAB〉 we get two possibilities: either
|ψAB〉 is a product state, |ψAB〉 = |φA〉 ⊗ |ϕB〉, for some |φA〉 ∈ HA and |ϕB〉 ∈ HB, which is
separable and does not manifest any quantum correlations; or |ψAB〉 is not factorizable, in
which case it is entangled and hence manifests quantum correlations. This is the whole
story as far as pure states are concerned: entanglement entirely captures every aspect
of quantum correlations.
2.1 Identifying classically correlated states
For bipartite quantum mixed states, however, the story becomes more complicated than
that, as there are many paradigms that we can adopt in order to define what a classically
correlated state is. One paradigm identifies the classically correlated states with the
states that can be described by a local realistic model. According to this paradigm, only a
restricted aristocracy of quantum states are not classically correlated, the so-called non-
local states [10]. Another paradigm is the one corresponding to entanglement, wherein
classically correlated states can be written as convex combinations of tensor product of
pure states, so-called separable states [2], i.e.,
σABsep =
∑
i
pi |φAi 〉〈φAi | ⊗ |ϕBi 〉〈ϕBi |, (3)
with {pi } being a probability distribution, |φAi 〉 ∈ HA and |ϕBi 〉 ∈ HB. Separable states
remind us of what happens in the classical setting, wherein all joint probability distri-
butions can be written as a convex combination of products of Kronecker deltas, which
are indeed the classical pure states. According to the entanglement paradigm, the right
of being quantumly correlated is extended from the restricted aristocracy of non-local
states to the broader bourgeoisie of non-separable quantum states. Finally, we get to
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the paradigm representing the focus of this manuscript, which goes even beyond entan-
glement, thus allowing the right of being quantumly correlated to almost all the population
of quantum states.
As we have already mentioned, the embedding of a state of a classical system into
the quantum state space is the corresponding classical mixture of elements of an or-
thonormal basis. However, when embedding the state of a classical composite system,
imposing just the orthonormality of the basis is not enough, as one also needs to impose
that such a basis is factorizable in order for the corresponding classical mixture to be
entirely simulated by a classical bipartite state. This gives rise to a so-called classical-
classical state, i.e.,
χABcc =
dA∑
i=1
dB∑
j=1
pABij |iA〉〈iA| ⊗ |jB〉〈jB |, (4)
where {pABij }
dA,dB
i ,j=1
is a joint probability distribution, while {|iA〉}dAi=1 and {|jB〉}dBj=1 are orthonor-
mal bases of HA and HB, respectively. One can indeed easily see that the marginal
states of a classical-classical state are still classical states, i.e., classical mixtures of el-
ements of an orthonormal basis: χAcc = TrB(χABcc ) =
∑dA
i=1 p
A
i |iA〉〈iA| and χBcc = TrA(χABcc ) =∑dB
j=1 p
B
i |jB〉〈jB |, where we have that {pAi =
∑dB
j=1 p
AB
ij }
dA
i=1
and {pBj =
∑dA
i=1 p
AB
ij }
dB
j=1
are exactly
the marginal probability distributions of the joint probability distribution {pABij }dA,dBi ,j=1 .
Furthermore, one can also define the embedding of a classical state of only subsys-
tem A into the quantum state space of a bipartite quantum system AB by considering
what is known as a classical-quantum state, i.e.,
χABcq =
dA∑
i=1
pAi |iA〉〈iA| ⊗ ρBi , (5)
with {pAi }
dA
i=1 being a probability distribution, {|iA〉}
dA
i=1 an orthonormal basis of HA and ρBi
arbitrary states of subsystem B. In this case, one can easily see that in general only
the marginal state of subsystem A is still a classical state, while the marginal state of
subsystem B could be in principle any quantum state, i.e., χAcq = TrB(χABcq ) =
∑dA
i=1 p
A
i |iA〉〈iA|
while χBcq = TrA(χABcq ) =
∑dA
i=1 p
A
i ρ
B
i .
An analogous definition holds when considering the embedding of a classical state
of only subsystem B into the state space of a bipartite quantum system AB, also called
a quantum-classical state, i.e.,
χABqc =
dB∑
j=1
pBj ρ
A
j ⊗ |jB〉〈jB |, (6)
with {pBj }
dB
j=1
being a probability distribution, {|jB〉}dBj=1 an orthonormal basis of HB and ρAj
arbitrary states of subsystem A.
Classical-classical, classical-quantum, and quantum-classical states, which we may
collectively refer to as classically correlated states, form non-convex sets of measure
zero and nowhere dense in the space of all bipartite quantum states ρAB [12]. This is
in stark contrast with the set of separable states, which is convex and occupies a finite
volume in the state space instead [2].
3 Quantifying quantum correlations: Quantum discord
As mentioned in the introduction, and as will be shown in more detail in the following
sections, quantum correlations beyond entanglement can represent a resource for some
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operational tasks and allow us to achieve them with an efficiency that is unreachable by
any classical means. The quantification of this type of quantumness is thus necessary
to gauge the quantum enhancement when performing such tasks.
Let us start from the quantification of quantum correlations for pure states. We have
already mentioned that in this case the entire amount of quantum correlations is captured
by entanglement. This can be in turn described by the fact that, when dealing with
pure bipartite quantum states that are not factorizable, the best possible knowledge of a
whole does not include the best possible knowledge of all its parts, as the corresponding
marginal states are necessarily mixed. Such a loss of information on the pure state of
the whole system when accessing only part of it, as quantified e.g. by the von Neumann
entropy of any of the marginal states, captures exactly the entanglement, and thus the
whole quantum correlations, between the two parties1:
ES(|ψAB〉) = S(ρA) = S(ρB). (7)
The pure state entanglement quantifier ES is also known as entropy of entanglement.
Let us now move on to the quantification of quantum correlations beyond entangle-
ment for mixed states. Both adopting an entropic viewpoint and a thorough comparison
with the classical setting will turn out to be crucial at this stage, as happened in the
previous section when addressing the characterization of quantum correlations. When a
bipartite classical system AB is in a mixed state pAB, then we have some ignorance about
it that can be quantified by its strictly positive Shannon entropy S(pAB). At the same time,
quite intuitively, it turns out that the overall ignorance about the marginal states pA and
pB of the two subsystems A and B treated separately, which is quantified by the quantity
S(pA) +S(pB), is necessarily higher than or equal to the ignorance about the state of the
combined bipartite system, which is instead quantified by S(pAB). In other words, there
is in general a loss of information on the state of the whole system when accessing only
its parts. This can be quantified by the so-called mutual information:
I(pAB) = S(pA) + S(pB) − S(pAB). (8)
Such a loss of information when accessing a composite system locally is attributed to
underlying correlations between the subsystems, so that the mutual information stands
as a fully fledged quantifier of correlations. We can think of two correlated subsystems
A and B as two accomplices. If the policemen interrogate them separately, the more
the two accomplices are correlated, the less information the policemen will manage to
gain regarding what AB did together, with their mutual information representing exactly
the amount of information that the two accomplices are hiding to the policemen. Clearly,
for pure bipartite classical states we always get a zero mutual information, as both the
composite system state and the marginal states are pure and so their Shannon entropies
are all zero and there is no loss of information in accessing the composite system locally.
This entails that it is impossible to have correlations between classical systems sharing
a pure state, contrary to what happens within the quantum world where we can have
entanglement for pure states. More generally, the mutual information is equal to zero if,
and only if, the bipartite classical state pAB is factorizable, i.e., pABij = p
A
i p
B
j for any i and
j , which is indeed the paradigmatic form of probability distribution that does not manifest
any correlations at all.
Yet there is another equivalent perspective from which we can look at correlations in
the classical setting. Let us first define pA|B=j = {pA|B=ji }
dA
i=1 = {pABij /pBj }
dA
i=1
as the conditional
probability distribution of subsystem A after we know that subsystem B occupies exactly
1Note that the reduced states ρA and ρB of any bipartite pure state have the same eigenvalues and so the
same von Neumann entropy, thus making the definition of the entropy of entanglement ES well posed.
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the point j of its phase space. Analogously, we define pB|A=i = {pB|A=ij }
dB
j=1
= {pABij /pAi }
dB
j=1
as the conditional probability distribution of subsystem B after we know that subsystem
A occupies exactly the point i of its phase space. Then, one can prove that the mutual
information of the bipartite state pAB is equal to the following quantity:
J(pAB) = S(pA) −
dB∑
j=1
pBj S(pA|B=j ) = S(pB) −
dA∑
i=1
pAi S(pB|A=i ). (9)
The above equivalent expressions of the mutual information tell us that the more
two subsystems A and B are correlated, the more the ignorance about one subsystem
decreases on average when we know the state of the other subsystem. On the other
hand, if A and B are not correlated at all, then gaining some information about one
subsystem does not help us in gaining any information about the other subsystem.
Now the question is: how can we translate such a machinery into the quantum setting
in order to quantify quantum correlations beyond entanglement? Clearly, we can start by
defining the quantum mutual information in order to quantify the totality of correlations of
bipartite quantum states ρAB as follows:
I(ρAB) = S(ρA) + S(ρB) − S(ρAB), (10)
where S here denotes the von Neumann entropy. In analogy with the classical case,
the quantum mutual information is equal to zero if, and only if, ρAB is factorizable, i.e.,
ρAB = ρA ⊗ ρB and thus there are no correlations whatsoever, not even classical ones,
between A and B. However, in order to fully answer our question we need to find out how
to discern the portion of the total correlations that is purely quantum from the one that
can be regarded as mere classical correlations, a problem that was rigorously addressed
for the first time by Henderson and Vedral in [7].
To this purpose it will be crucial to translate in the quantum setting also the quantity
J , which in the classical setting represents just an equivalent expression for the mutual
information. We thus need to define also in the quantum setting the conditional state of
one subsystem given that we have gained some information about the other subsystem.
The most intuitive way to gain information about a single quantum subsystem, say A, is
to measure a local observable of the form OA ⊗ IB, where OA is a Hermitian operator on
HA while IB is the identity operator on HB. As we have already mentioned, the result of
such a measurement is in general uncertain and can map the system, with probability
pAi = Tr[(Π
A
i ⊗ IB)ρAB], into the state ρAB|A=iΠA = (ΠAi ⊗ IB)ρAB(ΠAi ⊗ IB)/pAi , where the rank-
one projectors ΠA = {ΠAi } are the eigenstates of OA. Therefore, the conditional state of
subsystem B after such a local measurement has been performed on A and the result i
has been obtained is ρB|A=i
ΠA
= TrA(ρ
AB|A=i
ΠA
). We can thus define the decrease on average
of the entropy of B given that we have performed the local measurement on A described
by the rank-one projectors ΠA on A as
JΠA (ρAB) = S(ρB) −
∑
i
pAi S(ρB|A=iΠA ). (11)
Some remarks are now in order. Firstly, contrary to the classical case, we can define
different versions of conditional states ρB|A=i
ΠA
of B given A, and so different versions of
the quantity JΠA , just by varying the local measurement ΠA that has been performed
on A. Secondly, one can even consider more general kinds of local measurements
(described by positive operator-valued measures), but we restrict to rank-one projective
measurements here for the sake of simplicity.
Finally, the correlations underlying such a gain of information about subsystem B,
when accessing locally subsystem A after the local measurementΠA, can be considered
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classical from the perspective of subsystem A, as they are nothing but the correlations
that are left into the post-measurement state ΠA[ρAB] =
∑
i pAi ρ
AB|A=i
ΠA
, which is clearly a
classical-quantum state. In other words, one can see that the following equality holds:
JΠA (ρAB) = I
(
ΠA[ρAB]
)
. (12)
Therefore, if one wants to extract from the total correlations I(ρAB) of the bipartite
state ρAB the purely quantum portion of correlations from the perspective of subsystem A,
i.e., the amount of mutual information of A and B that can be never classically extracted
via a local measurement on A, not even by performing a maximally informative one, then
one can consider the following quantity:
QAI (ρ
AB) = I(ρAB) −max
ΠA
JΠA (ρAB), (13)
where the maximization is over all rank-one local projective measurements on A. QAI
is the celebrated quantifier of quantum correlations beyond entanglement from the per-
spective of subsystem A that goes under the name of quantum discord and was intro-
duced by Ollivier and Zurek in [6]. The complementary quantity
JA(ρAB) = max
ΠA
JΠA (ρAB), (14)
quantifies the classical correlations from the perspective of subsystem A as formalized
by Henderson and Vedral in [7]. In this way, quantum discord QAI (ρ
AB) and classical
correlations JA(ρAB) add up to the total correlations quantified by the mutual information
I(ρAB), and we have addressed the original question posed in this section, by finding a
meaningful way to separate the quantum from the classical portion of correlations in a
state ρAB, from the perspective of subsystem A.
Analogous definitions hold when measuring locally subsystem B, by swapping the
roles of A and B. In particular, the quantum discord from the perspective of subsystem
B can be defined as:
QBI (ρ
AB) = I(ρAB) −max
ΠB
JΠB (ρAB), (15)
where the maximization is over all rank-one local projective measurements on B.
A further couple of remarks are in order before concluding this section. Firstly, a
fundamental asymmetry arises between how the quantum correlations between A and
B are perceived by each subsystem, due to the fact that in general QAI (ρ
AB) is different
from QBI (ρ
AB). Quantum discord is, in fact, a one-sided measure of quantumness of
correlations. However, such an asymmetry can be bypassed by considering the action
of local joint measurements on both A and B, and defining accordingly symmetric (or two-
sided) quantifiers of quantum and classical correlations from the perspective of either A
or B within the same entropic framework adopted in this section [8, 13, 14]. More details
on these quantifiers, that may be denoted respectively by QABI (ρAB) and JAB(ρAB), as
well as their interplay with one-sided measures, are available in [15, 5].
Secondly, by using both the fact that classical-quantum states χABcq can be left invariant
by at least one local projective measurement ΠA on A, i.e., ΠA[χABcq ] = χABcq , and the fact
that the result of such a measurement applied to any state is always a classical-quantum
state,2 i.e., ΠA[ρAB] = χABcq for any ρAB, one can easily show that QAI (ρ
AB) = 0 if, and only
if, ρAB is classical-quantum. An analogous result holds for quantum correlations with
respect to B, i.e., QBI (ρ
AB) = 0 if, and only if, ρAB is quantum-classical. This cements the
paradigm adopted in this manuscript, according to which almost all quantum bipartite
states, and not only entangled states, manifest genuinely quantum features that can be
attributed to non-classical correlations.
2Proving these statements can be left as an exercise to the reader.
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4 Interpreting quantum correlations: Local broadcasting
We have identified the classically and quantumly correlated states and provided an en-
tropic way to measure quantum correlations in terms of the discord. It is now time for
us to place what we have learnt in more concrete terms by understanding the role of
quantum correlations in an operational task: local broadcasting [8, 16].
Let us first consider copying of information. This happens all the time in the classical
realm: from hard drives to mobile telephones – our modern world relies on the ability
to freely copy information. In stark contrast, general copying of information is expressly
prohibited in quantum mechanics by the no-broadcasting theorem [17], which is a gen-
eralization of the well-known no-cloning theorem [18, 19]. Think of a quantum system A
in one of two states ρ1 or ρ2. We attach an ancilla A′ in the state σ to get the composite
state ρAi ⊗ σA
′ with i ∈ {1, 2}. The goal is to perform some transformation E to the com-
posite state to get ρ˜AA′i = E[ρAi ⊗ σA
′ ] such that TrA′ (ρ˜AA
′
i ) = TrA(ρ˜
AA′
i ) = ρi for both i = 1, 2.
In other words, we want to be able to copy two arbitrary quantum states ρ1 and ρ2. How-
ever, it turns out this is only possible if ρ1 and ρ2 commute, which effectively reduces to
copying of classical information.
The objective of local broadcasting is similar [8]. Consider now a composite state ρAB
shared between two subsystems A and B. We give each subsystem an ancilla A′ and B′
so that the joint state is ρAB ⊗|0A′〉 〈0A′ |⊗ |0B′〉 〈0B′ | and ask if there exists a local operation
EAA′ ⊗ EBB′ so that we get the state ρ˜AA′BB′ = (EAA′ ⊗ EBB′ )
[
ρAB ⊗ |0A′〉 〈0A′ | ⊗ |0B′〉 〈0B′ |
]
obeying the relation TrA′B′ (ρ˜AA
′BB′ ) = TrAB(ρAA
′BB′ ) = ρAB. More generally, we can consider
the task of simply distributing the (total) correlations I(ρAB) of ρAB, and ask if there are
local operations such that I
(
TrA′B′ (ρ˜AA
′BB′ )
)
= I
(
TrAB(ρ˜AA
′BB′ )
)
= I
(
ρAB
)
. This is what
we mean by local broadcasting, and it was shown in [8] that such a process can only
take place perfectly if ρAB is classical-classical, otherwise we lose correlations during our
attempt at local broadcasting.
A similar one-sided version of local broadcasting has also been proposed in [16].
Here, we just give subsystem A their ancilla A′ and ask if there is a local operation EAA′ ⊗
IB yielding ρ˜AA′B = (EAA′ ⊗ IB)[ρAB ⊗ |0A′〉 〈0A′ |] such that I(TrA′ (ρ˜AA′B)) = I(TrA(ρ˜AA′B)) =
I(ρAB). As you might have guessed, this version of local broadcasting can occur only if
ρAB is classical-quantum.
We thus have a very intuitive characterization of classical-classical states and classical-
quantum states: they are exactly the states that can be locally broadcast. So can we
use this concept of local broadcasting to quantify the quantum correlations present in a
state? Now let us imagine that A wants to distribute their correlations with B to N ancillae
{Ai }Ni=1 using local operations EA→A1...AN [20]. If we define the reduced state of each pair
Ai and B after such local operations as
ρ˜Ai B = Tr⊗j,i Aj
{
(EA→A1...AN ⊗ IB)[ρAB]
}
, (16)
we know from the above analysis that correlations will never increase, i.e., I(ρ˜Ai B) ≤
I(ρAB), with equality only if ρAB is classical-quantum. Let us suppose that ρAB is not
classical-quantum, but we want to distribute our correlations in an efficient way, i.e.,
losing the least possible amount of correlations. We can consider the loss of correlations
I(ρAB) − I(ρ˜Ai B) for each ancilla. Averaging this quantity over all ancillae then gives a
good figure of merit for our redistribution of correlations. By further minimizing this figure
of merit over all possible local operations, we get
∆
A
(N)(ρ
AB) = min
EA→A1...AN
1
N
N∑
i=1
[
I(ρAB) − I(ρ˜Ai B)
]
. (17)
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This quantity is zero if ρAB is classical-quantum, and positive otherwise. Can its value
quantify the quantum correlations of ρAB? Remarkably, in the limit of infinitely many
ancillae, it has been proven in [20] that the quantity in Eq. (17) reproduces exactly the
quantum discord given by Eq. (13) [see Figure 1(a)]:
lim
N→∞
∆
A
(N)(ρ
AB) = QAI (ρ
AB) . (18)
This relation provides a striking operational understanding of quantum discord as the
minimum average loss of correlations if one attempts to redistribute the correlations be-
tween A and B in the state ρAB to infinitely many ancillae on A’s side: paraphrasing
the words of [21], “quantum correlations cannot be shared”. We note that additional
operational interpretations for the quantum discord in quantum information theory and
thermodynamics have been discovered, as reviewed in [3, 4, 5].
5 Alternative characterizations of quantum correlations
So far we have focused on the characterization of classically correlated states and the
quantification of quantum correlations in an entropic setting, using the quantum discord.
One property that we have pointed out along the way is that the classically correlated
states are insensitive to a local complete rank-one projective measurement, a hallmark
feature of the classical world. It has also been shown that classically correlated states
are the only ones that are locally broadcastable, another intuitive property arising from
the inability to copy general quantum states. It turns out that there is a whole raft of
equivalent defining properties for the classically correlated states, and that with each
property comes another way to quantify the quantum correlations [5]. The quantum dis-
cord accounts for the loss of correlations due to local measurements, but it is just one of
many ways to measure the quantum correlations of a state. We will outline two more key
properties of classically correlated states in the following, along with the corresponding
method of measuring quantum correlations.
5.1 Local coherence
Recall that we define the incoherent states with respect to a reference basis {|i〉}di=1 as
those diagonal in this basis, i.e., states that can be written as δ =
∑d
i=1 pi |i〉 〈i | for some
probability distribution {pi }di=1. Any state that is not diagonal in this basis is called coherent
[24, 1]. Now let us consider a bipartite quantum system AB with local reference bases
{|iA〉}dAi=1 in A and {|jB〉}dBj=1 in B. States incoherent with respect to the product basis {|iA〉 ⊗
|jB〉}dA,dBi ,j=1 can be written as
δABii =
dA∑
i=1
dB∑
j=1
pABij |iA〉 〈iA| ⊗ |jB〉 〈jB | (19)
for some joint probability distribution {pABij }, while states incoherent in the local reference
basis {|iA〉}dAi=1 are written as
δABiq =
dA∑
i=1
pAi |iA〉 〈iA| ⊗ ρBi (20)
for some probability distribution {pAi } and with arbitrary states ρBi of subsystem B. We
can say that these locally incoherent states are incoherent-incoherent and incoherent-
quantum, respectively. Take a look back at Eqs. (4) and (5) describing the classically
10
(a) Local broadcasting
…
A1 ANA
B B
ℰA→ A1… AN
A2
(b) Entanglement activation
classical correlations
quantum correlations
quantum entanglement
(c) Legend
A
B
UA
A’
A
B
ρAB
A’
෤ρABA’
|0A’⟩
Figure 1: Operational interpretations and quantification of quantum correlations.
(a) Local broadcasting of correlations [Section 4]. Two quantum systems A and B are initially in
an arbitrary bipartite state ρAB with generally classical and quantum correlations. If a local chan-
nel EA→A1...AN is applied to A which redistributes it into asymptotically many fragments A1, ... , AN ,
then the only correlations remaining on average between each fragment Ai and subsystem B are
classical ones, while quantum correlations, quantified by the quantum discord QAI (ρAB), cannot be
shared. This can be seen as a manifestation of quantum Darwinism [20]. (b) Scheme of a pre-
measurement interaction acting on subsystem A of a bipartite system AB, described as a local
unitary UA on A, followed by a generalized control-NOT operation with an ancilla A′ (which plays
the role of a measurement apparatus). Provided A′ is initialized in a pure state |0A′ 〉, the output
pre-measurement state ρ˜ABA′ is always entangled along the AB : A′ split if and only if the initial
state ρAB of the system is not classical-quantum, i.e., contains general quantum correlations from
the perspective of subsystem A [22, 23]. The minimum entanglement EAB:A′ (ρ˜ABA′ ) between AB
and A′ in the pre-measurement state, where the minimization is over all the local bases on A spec-
ified by UA, quantifies the quantum correlations QAE (ρ
AB) in the input bipartite state ρAB , according
to the entanglement activation paradigm [Section 5.2]. (c) Graphical legend for the different types
of correlations appearing in panels (a) and (b).
correlated states. You would be forgiven for thinking that they are identical to the equa-
tions given above! However, there is a subtlety here: the locally incoherent states are
diagonal in a fixed local basis, while the classically correlated states are diagonal in
some local basis. This analogy then provides us with another characterization of the
classically correlated states, i.e. classical-classical states are incoherent-incoherent for
some product basis on A and B, while classical-quantum states are incoherent-quantum
for some local basis on A [5].
On the other hand, quantumly correlated states are coherent in every local basis.
Can we then use measures of coherence to inform us on the amount of quantum cor-
relations? Consider the observable K =
∑d
i=1 ki |i〉 〈i | diagonal in a fixed reference basis
{|i〉}di=1. One way to measure the coherence of a state ρ with respect to the reference
basis, or more precisely its asymmetry with respect to translations generated by the ob-
servable K , is by means of the quantum Fisher information F (ρ, K ) [25, 26]. This quantity
plays a fundamental role in quantum metrology [27] and indicates the ultimate precision
achievable using a quantum probe state ρ to estimate a parameter encoded in a unitary
evolution generated by the observable K . Let us now fix a family of local observables
K AΓ =
∑d
i=1 k
A
i |iA〉 〈iA| on subsystem A with fixed non-degenerate spectrum Γ = {kAi }dAi=1.
Defining the minimum of F (ρAB, K AΓ ⊗ IB) over all local observables K AΓ with spectrum Γ
gives a measure of quantum correlations [28]:
QAF (ρ
AB) =
1
4
inf
K A
Γ
F (ρAB, K AΓ ⊗ IB). (21)
Such a measure embodies the worst-case scenario sensitivity of a bipartite state ρAB
when a parameter is imprinted onto subsystem A by any of the observables K AΓ : a pro-
cess that is fundamentally linked to quantum interferometry and hence motivates the
naming of QAF (ρ
AB) as the interferometric power [28]. While there are many other good
measures of quantum coherence [1], from which one can define corresponding mea-
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sures of quantum correlations (by minimization over local reference bases) [5], the inter-
ferometric power is one of the most compelling as it brings together quantum coherence,
quantum correlations, and metrology. Another advantage of this measure is that QAF (ρ
AB)
admits a computable formula for any state ρAB whenever A is a qubit [28], while no such
analytical formula is presently available for the quantum discord QAI (ρ
AB) of general two-
qubit or qubit-qudit states.
5.2 Entanglement activation
Let us now examine more closely the workings of a local projective measurementΠA[ρAB] =∑dA
i=1(Π
A
i ⊗ IB)ρAB(ΠAi ⊗ IB) with local projectors ΠAi = |iA〉 〈iA| acting on subsystem A of a
bipartite state ρAB. According to von Neumann’s model [29], this measurement can be
realized in two steps. First, subsystem A is allowed to interact with an ancilla A′, initial-
ized in a fiducial pure state |0A′〉 〈0A′ |, through a unitary UAA′{|iA〉}. The unitary acts in the
following way
UAA
′
{|iA〉} |iA〉 ⊗ |0A
′〉 = |iA〉 ⊗ |iA′〉 , (22)
and can be realized by the combination UAA′{|iA〉} = C
AA′ (UA{|iA〉} ⊗ IA
′ ) of a local unitary UA{|iA〉}
which sets the basis of measurement, followed by a generalized controlled-NOT gate
CAA′ , whose action on the computational basis |iA〉 ⊗ |jA′〉 of Cd ⊗ Cd is CAA′ |iA〉 ⊗ |jA′〉 =
|iA〉 ⊗ |i ⊕ jA′〉, with ⊕ denoting addition modulo d . The resultant state after applying the
unitary UAA′{|iA〉} to A, A
′ and B is
ρ˜ABA
′
{|iA〉} = (U
AA′
{|iA〉} ⊗ IB)(ρAB ⊗ |0A
′〉 〈0A′ |)(UAA′{|iA〉} ⊗ IB)†, (23)
which is known as the pre-measurement state. Next, the local projective measurement
is completed by partial tracing over subsystem A′, which is achieved by a readout of the
ancilla A′ in its eigenbasis, so that TrA′ ρ˜ABA
′
{|iA〉} = Π
A[ρAB].
During this process the ancilla A′ can become entangled with A and B due to the
unitary UAA′{|iA〉}. which means that the pre-measurement state ρ˜
ABA′
{|iA〉} may not be separable
along the bipartition AB : A′. However, sometimes ρ˜ABA′{|iA〉} remains separable along such
cut. It turns out this is the case only when ρAB is initially incoherent-quantum, of the form
in Eq. (20). It thus becomes clear that we can characterize the classical-quantum states
of Eq. (5) as exactly all and only the states for which there exists a local basis {|iA〉} such
that the pre-measurement state ρ˜ABA′{|iA〉} is separable along the split AB : A
′ [22].
Similarly, if we consider a local projective measurement (ΠA ⊗ ΠB)[ρAB] on both A
and B in the bases {|iA〉}dAi=1 and {|jB〉}dBj=1, we can also introduce an ancilla B′ for B and
a corresponding pre-measurement state ρ˜ABA′B′{|iA〉,|jB〉}. A similar line of thought can then be
applied whereby we find that the classical-classical states of Eq. (4) are all and only the
states for which the pre-measurement state is separable along the split AB : A′B′ for
some local bases {|iA〉}dAi=1 and {|jB〉}dBj=1 [23].
From this analysis, it can be said that the classical correlations are not always ac-
tivated into entanglement during a pre-measurement, while the quantum correlations
always are. Such a conversion of non-classical resources due to a pre-measurement
interaction has been demonstrated experimentally in [30]. Naturally, one can then aim
to quantify the quantum correlations of ρAB by measuring the entanglement of the cor-
responding pre-measurement state, via some chosen entanglement measure E , mini-
mized over all local bases.
For every suitable E , we can then define a corresponding (one-sided or two-sided)
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measure of quantum correlations [22, 23] as follows [see Figure 1(b)]
QAE (ρ
AB) = inf
{|iA〉}
EAB:A
′
(ρ˜ABA
′
{|iA〉} ),
QABE (ρ
AB) = inf
{|iA〉,|jB〉}
EAB:A
′B′ (ρ˜ABA
′B′
{|iA〉,|jB〉}).
(24)
One of the most remarkable features of this approach is that the measures so defined
capture quantitatively the hierarchy of quantum correlations, as one has QABE (ρ
AB) ≥
QAE (ρ
AB) ≥ EA:B(ρAB) for any valid entanglement measure E and any bipartite state ρAB,
with equalities on pure states ρAB = |ψAB〉 〈ψAB |.
For instance, one may choose the relative entropy of entanglement [31]
EA:BR (ρ
AB) = inf
σABsep
S(ρAB ||σABsep), (25)
as our entanglement measure, where S(ρ||σ) = Tr(ρ log ρ − ρ logσ) is the relative entropy
and the minimization is over all separable states σABsep of the form in Eq. (3). The corre-
sponding measures of quantum correlations, obtained by specifying E as ER in Eqs. (24),
are known respectively as relative entropy of discord (one-sided) and relative entropy of
quantumness (two-sided). Interestingly, these measures have been proven equivalent to
the following expressions [22, 23]:
QAER (ρ
AB) = inf
χABcq
S(ρAB ||χABcq ), QABER (ρAB) = inf
χABcc
S(ρAB ||χABcc ), (26)
with minimizations over the classical-quantum states of Eq. (5) and the classical-classical
states of Eq. (4), respectively. This enriches the quantification of quantum correlations as
potential resources for entanglement creation, with an additional geometric interpretation
in terms of the distance3 from the set(s) of classically correlated states. In turn, such
a geometric approach can be used a priori to quantify quantum correlations adopting
different distance functionals, as reviewed in [32, 33, 5].
6 Desiderata for measures of quantum correlations
We have identified several alternative yet equivalent characterizations of the classically
correlated states, in particular providing links with other fundamental elements of quan-
tum mechanics such as coherence [1] and entanglement [2]. With each characterization
of the classically correlated states comes another way to measure quantum correlations.
Given such a catalogue of measures [5], it is sensible to wonder what makes a good
measure of quantum correlations? This question is typically answered by imposing a
number of requirements that any such good measure should obey. Let us consider a
one-sided measure QA(ρAB), defined by a real non-negative function acting on quantum
states ρAB. One natural requirement is that
• QA(χABcq ) = 0,
i.e., that our measure is zero for classically correlated states. We should also expect
that quantum correlations are not dependent upon the local bases of A and B, which
manifests as invariance under local unitaries UA on A and UB on B,
• QA(ρAB) = QA([UA ⊗ UB]ρAB[UA ⊗ UB]†).
As we have already pointed out, entanglement and quantum correlations become the
same phenomenon for pure states |ψAB〉, hence it is sensible to require that a measure
of quantum correlations should reduce to a measure of entanglement for pure states,
3Note that the relative entropy is not strictly a distance because it is not symmetric in its arguments.
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• QA(|ψAB〉) = EA:B(|ψAB〉) for some entanglement measure EA:B(ρAB).
Similar desiderata can be imposed for two-sided measures of quantum correlations
QAB(ρAB). However, so far we have not specified how our measure of quantum cor-
relations should behave under dynamics of the system. In the case of entanglement, it
is typically required that a measure should not increase under local operations and clas-
sical communication (LOCC) EABLOCC, i.e., EA:B(EABLOCC[ρAB]) ≤ EA:B(ρAB) [31, 2]. In other
words, one should not be able to generate entanglement by LOCC, the archetypal op-
erations that spatially separated laboratories are limited to. This requirement is typically
called monotonicity, and finding a comparable one for quantum correlations is tricky. For
one-sided measures, it can be required that any local operation on subsystem B should
not be able to increase the quantum correlations from the perspective of subsystem A
[22], that is,
• QA(IA ⊗ EB[ρAB]) ≤ QA(ρAB) for any local operation EB on B.
Unfortunately, this cannot be the only monotonicity requirement, since it only specifies
the local operations on B. Identifying the most meaningful and complete set of operations
under which a good measure of quantum correlations should be monotone is currently
an open question. We point the reader to [5] for a deeper explanation.
7 Outlook
We are going to be relying increasingly on the quantum world as technologies evolve dur-
ing the 21st century, so it is certainly worthwhile to develop a good understanding of the
quantum-classical boundary. In this manuscript we have focused on the most general
type of quantum correlations between spatially separated parties. Whilst a promising
topic, it is still very much in its infancy, with a plethora of interesting and open questions
yet to be answered. From the theoretical side, perhaps the most pressing question is to
identify a physically motivated set of “free operations” under which to impose monotonic-
ity for measures of quantum correlations. This can be achieved by treating quantum cor-
relations as a resource, within the framework of resource theories [34]. Experimentally,
we have yet to witness compelling evidence for the practical role of quantum correlations
beyond entanglement in relevant quantum technologies, even though proof-of-principle
demonstrations, e.g. in the context of quantum metrology, are particularly promising [28].
In this respect, while the number of insightful operational interpretations for measures of
quantum correlations has grown substantially in recent years [5, 35], killer applications
are perhaps still waiting to be devised. It is hoped that by raising the awareness of these
concepts within the wider quantum information community, we can begin to truly appre-
ciate the foundational role and power of non-classical correlations beyond entanglement.
There are still many topics within the study of quantum correlations that we have not
had the opportunity to cover here. Foremost amongst which is the extensive research
on their dynamics in open quantum systems, which shows that quantum correlations are
generally more resilient than entanglement to the effects of typical sources of noise and
decoherence [36, 37], a promising feature for any quantum technology. We have also
neither discussed the role of quantum correlations in quantum computing [38, 39] and
cryptography [40], nor the quantification of quantum correlations among more than two
parties [41] or in continuous variable systems [42]. Nevertheless, there is a wealth of
resources available to fill these gaps [3, 4, 5, 32, 33]. We hope to have passed on to the
reader our enthusiasm for this young and blossoming field at the very core of quantum
mechanics, and look forward to future progress.
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